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Studies  of  the  collective  excitation  of  two  spatially  separated  electron  and  hole  layers  in 
strong  magnetic  fields  indicate  that  the  system  undergoes  a  phase  transition  when  the  layer 
separation  is  larger  than  a  critical  value.  Using  the  Hartree-Fock  approximation,  we  find 
that  this  transition  generates  a  novel  excitonic  density  wave  state,  which  hfis  a  low<'r  energy 
than  either  a  homogentious  exciton  fluid  or  a  double  charge-density  wave  state.  The  order 
parameter.s  of  the  state  satisfy  a  sum  rule  similar  to  that  of  a  charge-density  wave  stale  in  a 
two-dimensional  electron  system.  A  possible  connection  between  the  new  state  and  a  rert'iil 
experimental  result  is  discus.sed. 
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I.  Introduction 


The  nature  of  the  ground  state  of  the  interacting  two-diniensiuna!  •■Icctrun  iii 

strong  magnetic  fieids  has  been  studied  intensively  for  a  number  sd’  yc-ars.  It  is  now  weii 
known  that  in  the  extreme  quantum  limit,  at  some  fractional  filling  (;/  --  p/q  >  f/h,  wher<‘ 
q  is  an  odd  integer)  of  the  lowest  Landau  level,  the  ground  state  is  an  mcompres.sibie  Fermi 
liquid,  characterized  by  the  Laughlin  wave  function^  Emr  i/  <  1/9.  it  ha.s  been  shown 
that  a  triangular  charge-density  wave  (CDW)  state  or  Wigner  lattice"  is  energetically  more 
favorable  than  the  the  Laughlin  fractional  quantum  Hall  effect  (QHE)  state.  Recently  tin- 
properties  of  double-quantum  well  (DQW)  systems,  in  which  electron.s  are  <?venly  distributed 
in  each  well,  have  received  much  attention,  and  the  evolution  of  the  ground  state  as  the 
well  separation  is  increased  has  oeen  investigated  both  experimentally’  and  theoretically 
The  steps  in  the  Hall  conductance  at  odd  integer  values  of  e?jh  have  been  olxserved  to 
disappear’  when  the  barrier  thickness  is  increased.  These  QHE  states,  which  correspond  to 
the  filling  factor  n  =  n  -f-  1/2  for  the  average  electron  density  in  each  quantum  well,  have 
been  associated  with  the  symmetric-antisymmetric  (SAS)  gap  of  the  DQW.  The  suppression 
of  the  SAS  energy  gap  as  the  well  separation  is  increased  has  been  suggested  as  the  cau.se  (T 
the  disappearance  of  these  steps®. 

A  common  feature  revealed  in  the  .several  previous  theoretical  studies''""  of  DQW'.s  is  t  liai 
as  the  layer  separations  is  increased  the  dispersion  relation  of  the  charge  density  excitation 
develops  a  local  minimum  at  a  wave  vector  on  the  order  of  the  inverse  of  the  magnetic  length. 
This  minimum  becomes  a  soft  mode  when  the  separation  reaches  a  critical  value  <{,.  of  t  Ik- 
order  of  the  magnetic  length.  The  .system,  therefore,  undergoes  a  phas<>  transition  to  a  rn-w 
state,  speculated  to  be  a  CDW  state.  In  this  paper  we  identify  tins  transition  as  t  he  one  to 


a  novel  state  which  we  call  an  excitonic  charge-dcnsity  wave  (E(,'UW)  state.  Thi.s  new  ^tate 
has  the  properties  of  both  an  excitonic  state  and  a  normal  CDW  state. 

The  generalized  system  we  study  is  the  two  layered  electron-hole  system',  with  on-;  hivin' 
containing  electrons  and  the  other  containing  the  equal  number  of  holes  (u,.  =  Uf,  ~  v).  I’he 
system  was  first  introduced  and  intensively  investigated,  theoretically,  by  Lozovik  and  co¬ 
workers®.  It  can  be  realized  either  by  the  molecular  epitaxy  growth  of  the  InAs  —  AlSb  —  GaSb 
heterostructures^  or  by  applying  a  strong  electric  field  to  the  GaAs  —  AlGaAs  DQW’s*"'. 
The  layer  width  as  w’ell  as  the  tunnelling  betw'een  the  two  layers  will  be  neglected  throughout 
the  paper,  since  they  are  not  essential  in  the  EC1'>W  transition.  For  u  —  1/2,  our  system 
is  equivalent  to  the  half-l'lled  electron-electron  DQW  system  studied  by  Fertig  in  Ref.  4. 
At  small  layer  separations,  where  the  interlayer  Coulomb  attraction  is  strong,  electrons  and 
holes  pair  together  to  form  excitons.  The  excitonically  condensed  state  of  the  electron- 
hole  pairs  is  then  the  preferable  ground  state/  It  has  been  suggestd  that  the  system  in  the 
excitonic  state  may  exhibit  a  superfluid  of  electron-hole  pairs  when  an  electric  field  is  applied 
parallel  to  the  layers®.  On  the  other  hand,  if  the  layer  separation  is  much  larger  than  the 
average  intralayer  distance  between  neighboring  particles  two  independent  Laughlin  states 
or  triangular  CDW  states  will  give  the  lowest  energy  of  the  system,  depending  on  the  filling 
factor  V.  Between  these  two  limits,  that  is,  when  the  layer  separation  is  comparable  with 
the  intralayer  particle  separation,  the  ECDW  state  appears.  In  this  novel  state,  both  the 
excitonic  condensation  and  CDW’s  exist.  Furthermore  the  condensatiuns  of  the  excitons  will 


occur  not  only  at  /?  =  0  (where  K  is  the  wave  vector  of  excitons)  but  also  at  the  wave  vector 

A.  ....  1;^'  --  . 


of  the  CDW’s. 
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II.  Collective  Excitations 


We  start  with  the  general  Hamiltonian  of  the  electron-hole  system  in  a  stroiig  m.sgne’ je 
field,  assuming  that  only  the  first  Landau  levels  are  occupied 

E  -  /i/L(0)  -  /ip/d'O),  ( I ) 

ZL'-  - 

where  i,  j— electron  or  hole,  /i  is  the  chemical  potential,  Vee{(l)  —  W/i((f)  =  'l-r'lia.  aiu) 
—  —2-!re^exp{  —  dq)feq.  L  is  the  linear  dimension  of  the  system,  and  /  (=  yhc/cB) 
is  the  magnetic  length.  The  spin  degree  of  freedom  of  electrons  and  holes  are  frozen  by  t  he 
magnetic  field.  The  particle  density  operators  p(^  in  the  above  Hamiltonian  are  given  liy 

Pe{^  =  J2a-^^ax.-exp[iqrX  -  (ql)^/^],  i'2) 

X 

and 

=  E  ^x^^X-exp[-iq^X  -  (9/)V4],  (d) 

X 

where  X±  =  X  ±  <7y/^/2,  and  -T/2  <  W  =  <  1/2,  with  j  being  an  integer,  aj;.  (n.v) 

and  (bx)  are  the  creation  (annihilation)  operators  of  the  electron  and  hole  wave  functions 
in  the  Landau  gauge. 

In  the  normal  uniform  excitonic  phase,  as  a  result  of  electron-hole  interaction,  electron- 
hole  pairs  condense  into  a  state  with  zero  total  momentum.  The  order  parameter  in  thi.s 

case  is  just  {b-xctx)  or  {a\b'^^)  which  is  finite  and  equal  to  yt'fl  —  for  the  condensed 

excitonic  state.  In  order  to  study  the  evolution  of  the  ground  state  as  a  function  of  the  layer- 
separation  d,  as  well  as  the  collective  excitations  of  the  system,  we  introduce  a  generalized 
operator  of 

=  Y.f^'X^^tx.oxpliq^X  ~-{qiy/‘\],  (1) 

X 
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which  creates  an  electron-hole  pair  with  a  total  momentum  !uj. 


Following  Anderson's  treatment^^’^^  of  the  collective  excitations  in  sn[)erron<lui  tivit\'.  wi' 
derived  a  set  of  extended  random-phase  approximation  (ERPA)  equations  for  {p,.{tf]),  {pi.iif)) 
and  by  linearization  of  the  equations  of  motion 

with  the  help  of  the  Hartree-Fock  decoupling  technique; 

=  -  <')[EA^  -  rcf,(0)l[(<i(-?)>  -  {ipm  {W, 

tii~{d*m  =  (2.--i)ir,»(^i-e,k(0)]{<i+®>  (6) 

+  +  E„{^  -  2^1V„(?)  +  V„(fl|e-"''’e)|fe(fl)  +  inifp. 

Here  £’ee(<f)  and  E^h{^  are  defined  as  follows: 

and 

=  --  r  (S) 

c  Jq 

where  Jo{x)  and  loix)  are  the  Bessel  function  and  modified  Bessel  function  of  order  zero 
respectively. 

Substituting  {pd^)  =  and  {d'^iq))  =  into  these 

coupled  ERPA  equations,  we  obtain  the  dispersion  relation  of  the  collective  modes  in  tin- 
excitonic  state’^, 

uj^q)  =  (2u  -  idlErA^  -  E.M0)r  (-’) 

-  41/(1  -  i^)[EM<l)  -  E.A0)]{EeHm  +  E,d^  -  F 


We  would  like  to  remind  reader  that  the  self-exchange  energy  correction  of  electrons  or  holes. 
cLs  well  as  the  ladder  diagram  corrections  have  been  properly  included  in  the  ERPA  equations 
(5)  and  (6),  consequently  in  the  excitation  energy  spectrum 

At  1/  =  1/2,  lire  dispersion  relation  of  Eq.  (9)  is  exactly  the  same  as  that  obtained  by 
Fertig'*  for  a  half-filled  electron-electron  DQW,  which  might  be  expected  from  the  electron- 
hole  symmetry.  In  Fig.  1  we  plot  versus  ^  at  =  0.45  for  several  values  of  the  layer 

separation  d.  As  has  been  noticed  by  several  workers‘‘~'^  in  the  case  of  the  half-filled  electron- 
electron  DQW’s,  of  Eq.  (9)  becomes  negative  at  ql  ~  1.3  when  the  layer  separation  <1 
is  increased  beyond  a  critical  value  dc(i/).  A  plot  of  as  a  function  of  u  is  shown  in  Fig.  2; 
it  defines  the  phase  boundary  between  the  uniform  excitonic  state  and  the  new  state  (w’hich 
we  call  the  ECDW  state).  Also  olotted  in  Fig.  2  are  the  values  of  qc  at  which  ui'^iq)  first 
goes  to  negative,  i.e.  oj^{qc)  \d=dc=  0-  Except  for  a  very  small  filling,  the-  critical  value  qj  is 
insensitive  to  the  Riling  factor  i/  and  is  approximately  equal  to  1.3. 

III.  ECDW  Ground  State 

The  negative  values  of  u)^(q)  for  d  >  dc  indicate  the  existence  of  static  CDW  distortions 
in  the  new  ground  state  of  the  system.  However,  because  of  the  coupling  of  {phiq}), 

and  {d'*'{^)  in  the  ERPA  equations  mentioned  above,  the  values  of  (d+(^)  at  the  wave 
vectors  of  the  CDW’s  may  also  be  finite  and  time  independent.  We  therefore  define  the 
order  parameters  of  the  ECDW  state 

Acdw(Q)  = 


and 


™  AQir 

(/’4<5))exp[ 


2ttI^ 

ly 


(p/.(Q))exp[ 
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where  Ac£)vy(0)  =  u,  and  (Q}  are  the  wave  vectors  of  the  ECDW.  In  th<‘  Hartiee  l'ock  (111') 
approximation  the  Hamiltonian  of  Eq.  (1)  is  decoupled  to 

A:,g 

-0„(g)[A:,((3)e-“5-"a.v,6_A-_  +  H.C.]}  -  ^cpM  -  ppUO) 

Here  A^±  =  ±  Qy/^/2,  Ucdw{Q)  is  given  by 

Ucnw(Q)  =  -  «^„)  -  E„((J),  (l:)) 

and  UexiQ)  is  equal  to  EghiQ)  defined  in  Eq.  (8), 

The  Hartree-Fock  Hamiltonian  (12)  can  be  diagonalized  by  a  series  of  unitary  transfor¬ 
mations.  In  this  paper  we  consider  only  the  simplest  case,  i.e.,  a  unidirectional  ECDVV  state 
having  wave  vectors  {Q}  —  riQox,  where  n  —  0,  ±1,  ±2,  •••.  Qo  is  the  fundmentai  periodicity 
of  the  ECDW.  The  Hamiltonian  then  reduces  to, 

H  =  Y1{[^cdw{X)  -  p]{a%ax  +  b^bx) 

X 

+EexiX){axb^x  +  const  (14) 


where 

OO 

EcDwiX)  =  ^  UcDw{nQo)AcDw{'oQo)  cos{nQoX),  (15) 

nr;  — QO 

and 

OO 

Eer(A)  ^  f/ex(nQo)Aex(n(5o)cos(nCoA').  (16) 

n=— OO 

We  have  assumed  that  both  /S,cdw  and  are  real  quantities.  H  of  Eq.  ( 14)  is  diagonalized 
by  a  Bogolyubov  transformation, 


{ax  '^xoctx  +  ^’X0tx 
bx  =  uxfh-vxQx, 


(IT 
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with 


4= 


.vhere^A'  =  Ecdw{X)  - //  and  Ex  =  \/{EcDwiX)  -  /ip  +  ElJX).  The  ILiinikonian  of  tiu 


system  now  becomes, 


H  —  '^{  —  ExctxOix  +  £'y^a'^.v)  +  const. 


At  the  zero  temperature  only  the  a  states  are  occupied.  The  order  parameters  of  th< 
ECDW  ground  state  are,  then,  found  to  be  given  by: 


1  '  ‘ 

X^ri'nQo)  —  x  dx  cos{mrx)- 
2  Jo 


_ Eexi'!^x/Qo) _ 

^[EcDwiT^xjQo)  -  /i]2  4-  E:j7Tx/Qo) 


1  fl 

XcDwinQo)  =  -  dxcos(mrx) 
1  Jo 


_ EcDwi^^lQo)  -  /-t _ 

\Ecdw{t^^IQo)  -  +  E1^[xxIQq) 


Eqs.  (15),  (16),  (20)  and  (21)  are  a  set  of  self-consistent  equations.  To  find  the  ground 
state  of  the  system  for  given  values  of  u  and  d,  we  first  assume  some  value  for  Qo>  solve 
Eqs.  (15),  (16),  (20)  and  (21)  for  Acdvv(^Qo),  Xex{nQo)  and  /i,  and  then  minimize  the 
expectation  value  Ef{f{Qo,d,i/)  of  the  Hartree-Fock  Hamiltonian  (12)  with  respect  to  Qo- 
Ehf  is  given  by 

EfiFiQo^d,!/)  —  ——  'y',[UcDw{nQo)  \  Xcowi^Qo)  P  +Uex{nQo)  |  A,,j,(nA),))  |‘].  (22) 


Since  there  are  infinite  number  of  order  parameters,  we  introduce  a  cnt-off  u,  and  set 
d^CDiv(nQo)  and  Af.j;{nQo)  to  zero  for  |  n  |>  Uc-  In  general,  for  given  values  of  v  and  d. 
Eqs.  (15),  (16),  (20)  and  (21)  have  a  number  of  solutions  corresponding  to  different  kind.s 
of  states.  Among  them  three  solutions  are  of  particular  interesting:  the  uniform  excitonic 
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state  (Aex(O)  7^  0,  Acdvv(?iQo)  —  ^<‘A''^Qo)  ~  0  fur  j  ii  \f-  0).  the  <ioiil)!e  (,’1)W  .stat<‘ 
[LS.cDw{nQo)  A  0,  Aer(n(;)o)  =  0),  and  the  ECDVV  state  {iScowinQA  T  d.  A,^(r7(;^o)  r-  d,). 
The  self-consistent  calculation  has  been  carried  out  for  n,.  =  8  at  several  different  valuf's  of 
the  filling  factor.  In  Fig.  3  the  energy  per  electron-hole  pair  of  these  three  states  is  shown  as 
a  function  of  the  layer  separation  for  v  —  0.23.  The  .solution  for  the  ECDW  stale  exists  only 
when  the  layer  separation  is  larger  than  some  critical  value,  and  it  asy^mptotically  approaches 
the  solution  for  the  double  CDW  state  as  the  separation  increases.  For  d  >  d^,  the  ECDVV 
state  is  energetically  more  favorable  than  both  the  uniform  excitonic  state  and  the  double 
CDW  state.  The  first  three  order  parameters  of  the  ground  state  A,,j:(0),  ^cowiQo)  and 
Aei((5o)  versus  d  are  plotted  in  Fig.  4  for  1/  =  0.23.  Starting  from  d  —  d.,  as  A,j.(0)  drops 
rapidly,  C^eziQo)  first  increases,  then  decreases,  and  exhibits  a  maximum  at  d  1.9/.  P'rom 
Eqs.  (20)  and  (21)  it  can  be  easily  shown  that  the  order  parameters  of  the  ECDW  state 
satisfy  the  sum  rule 

Ylil  ^cdw{Q)  r  +  I  ^<-.x{Q)  1^1  =  C  (23) 

which  is  similar  to  that  for  a  two-dimensional  CDW  statc.^"*  More  interesting  is  that  the 
critical  layer  se  pare  tic-:''  dc  for  the  ECDW  state  and  the  rorresp'''nding  wave  vector  Qo, 
obtained  from  Eqs.  (15),  (16)  and  (20)~(22),  are  exactly  the  same  (within  0.1%)  as  those 
values  given  in  Fig.  1.  At  =  0.23,  for  example,  we  found  that  d„  =  1.34/  and  the 
corresponding  QqI  =  1.31.  We  thus  identify  the  phase  transition  resulting  from  the  soft 
mode  of  the  collective  excitations  in  the  uniform  excitonic  state  as  the  transition  leading  to 
an  ECDW  state,  most  likely  a  triangular  ECDW  state.  We  believe  this  is  also  the  phase 
transition  suggested  in  the  works  by  Fertig'*,  Brey^,  and  MacDonald  rt.al}.  Sinci’  in  the 
new  state  the  ECDW  can  be  pinned  by  the  impurties  in  the  quantum  w-elLs,  one  should  no 
longer  expect  the  observation  of  the  quantum  Hall  cfFccts  in  the  system,  as  the  (■xperimental 
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results  ot  Rc-t.  1  ip'J'caiei!, 

IV.  Conclusions 

vv  e  have  found  a  novel  ground  state  of  the  electrondiohr  DQVV’s  under  stronn  inainietie 
fields,  in  which  iin  excitonic  condensation  ainl  crystallization  coexist.  The  transition  to  surji 
a  state  when  the  layer  separation  is  of  the  order  of  the  niagnctic  length  is  con'ioent  v.iiti 
the  softening  of  the  collective  modes  in  the  uniform  excitonic  state.  Our  tln-orv  di^cnhc:, 
the  ground  state  of  the  system  coutinuously,  from  an  excilonii:  state  at  one  en<i  ol ---ij)  ro  ,1 
double  charge-density  wave  state  at  another  {d  —>■  oa).  An  R(?I)W  slat(?  can  bo  viewed  as  a 
mixture  of  the  two  limit  cases,  however  the  transition  from  a  uniform  excitoni*  s»ate  tci  the 
corresponding  ECDW  state  is  well  defined.  The  Hamiltonian  (12)  and  the  sum  rule  of  ihj, 
(23)  are  valid  for  all  values  of  d,  consequently,  for  ail  of  the  three  states. 

The  numerical  calculation  of  the  excitation  spectrum,  by  ('hakrabort y  and  Fiet  ilaiiien ' ' 
for  a  one-half  filling  electron-electron  double  layer  system  at  d  ~  2.0/.  indicates  that  tiie  in¬ 
terlayer  Coulomb  Intel  action  stablizes  a  ’unique  ground  state'  and  opens  a  gap  in  the  energy 
spectrum.  It  is  very  possible  that  this  unique  state  is  just  an  PT'DW  state  we  introdinu'd 
here.  However  a  definite  conclusion  about  the  connection  between  tlnmi  can  not  lie  mafir> 
before  the  collective  excitations  of  the  ECDW  state  is  investigated.  .A  studv  of  fhe.i-e  ev<  d.i- 
tions  via  an  extended  random  phase  approximation  similar  to  the  one  we  u.sed  in  Sec.  II.  is 
currently  under  way.  In  this  paper  we  calculated  the  energy  of  a  unidirectional  EC1;\V  sf.itc 
as  a  function  of  the  layer  separation.  A  more  interesting  proldem  wouhl  be  thi*  ( om[)ansion 
of  the  ground  state  energy  between  a  triangular  ECDW  anci  a  triangtdar  d()ul.)le  <  'I)W.  Fhe 
diagonalization  of  the  Hamiltonian  (12)  for  a  triangular  ECDW  state  has  hetni  carried  out, 
and  will  be  published  elsewhere. 
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Figure  Captions 


Fig.  1.  rile  collective  charge  e.xcitatioa  .si>ectn,irn  of  a  .spataiilv-  .separate*^  '‘lertFoi!  1,'oic 
system  at  v  —  0.45.  The  layer  .separation  d  is  in  the  unit  of  the  inagneiic  length  /,  anh 
is  in  e*/t/. 

Fig.  2.  The  critical  layer  separation  (solid  line)  and  the  corresponding  svave  vcdor 
(dashed  line)  as  a  function  of  the  filling  factor  u 

Fig.  3.  Energy  per  electron-hole  pair  in  three  different  states  at  e  =  0.23  vi'rsus  the  layer 
separation  ;  e^dujeP  is  the  direct  Coulomb  interaction  energy  of  the  system.  I  he  vertical 
coordinates  are  in  units  of  /d. 

Fig.  4.  Variations  of  the  first  three  order  parameters  in  the  ECDVV  state  at  u  —  0.23  as  a 
function  of  the  layer  separation. 


